a m a g n e t i c c i r c u i t i s a n a l y z e d by u s i n g the c o n v e n t i o n a l f i n i t e e l e m e n t m e t h o d , t h e m a g n e t i z i n g c u r r e n t s m u s t b e g i v e n .
New methods w h i c h a r e c a l l e d the " f i n i t e element method taking account of e x t e r n a l power s o u r c e " and t h e " f i n i t e element method w i t h s h a p e m o d i f i c a t i o n " h a v e b e e n d e v e l o p e d .
T h e p r o c e s s e s o f c a l c u l a t i o n i n t h e s e m e t h o d s a r e c o n t r a r y t o t h e c o n v e n t i o n a l t e c h n i q u e . T h e s e new methods h a v e t h e f o l l o w i n g a d v a n t a g e s : ( a ) I f t h e r e a r e many unknown i n d e p e n d e n t m a g n e t i z i n g c u r r e n t s , t h e s e c u r r e n t s a r e d i r e c t l y c a l c u l a t e d by t h e new method.
( b ) When a f l u x d i s t r i b u t i o n i s s p e c i f i e d , t h e optimum shapes of the magnets can be d i r e c t l y c a l c u l a t e d . ( c ) A s these new methods need
no r e p e t i t i o n , computing time can be considerably reduced.
The p r i n c i p l e s a n d the f
i n i t e e l e m e n t f o r m u l a t i o n s o f t h e s e new m e t h o d s a r e d e s c r i b e d , a n d a few examples of application o f t h e s e m e t h o d s a r e
shown. These new methods make i t p o s s i b l e t o d e s i g n t h e optimum m a g n e t i c c i r c u i t s by u s i n g t h e f i n i t e e l e m e n t m e t h o d .
INTRODUCTION
M a g n e t i c f i e l d s of power a p p a r a t u s a n d e l e c t r o n i c i n s t r u m e n t s s h o u l d b e a n a l y z e d u n d e r t h e s p e c i f i e d t e r m i n a l v o l t a g e s , b e c a u s e t h e s e a r e u s u a l l y e x c i t e d by c o n s t a n t v o l t a g e power sources. Sometimes t h e f l u x d i s t r i b u t i o n s i n some p a r t s o f a p p a r a t u s a r e s p e c i f i e d , a n d t h e most s u i t a b l e c o n f i g u r a t i o n s a n d s i z e s of t h e s e p a r t s h a v e t o b e d e s i g n e d . W e c a l l such vrobl e m s " i n v e r s e p r o b l e m s . " I n o r d e r t o u s e t h e f i n i t e e l e m e n t method i n t h e p r a c t i c a l d e s i g n of a m a g n e t i c c i r c u i t , new a n a l y z i n g n e t h o d s f o r t h e s e i n v e r s e p r o b l e m s s h o u l d b e developed.
I f t h e t e r m i n a l v o l t a g e s a r e s p e c i f i e d and t h e c o r r e s p o n d i n g m a g n e t i z i n g c u r r e n t s a r e unknown, many i t e r a t i v e m o d i f i c a t i o n s o f a s s u m e d m a g n e t i z i n g c u r r e n t s a r e n e c e s s a r y f o r t h e s u a l e a n a l y s i s . E s p e c i a l l y , i f t h e r e a r e multiple unknown m a g n e t i z i n g c u r r e n t s a 5 i n t h e c a s e o f t h r e e -p h a s e t r a n s f o r m e r s , .the a n a l y s i s i s a l m o s t i m p o s s i b l e , b e c a u s e t h e r e a r e i n f i n i t e combinations of unknownimagnetizing currents t o be (assumed [ l ] .
Moreover, i n t h e usual f i n i t e e l e m e n t a n a l y s i s , t h e s i z e s o f m a g n e t i c m a t e r i a l s a r e f i x e d . T h e r e f o r e , when the s i z e s of magnetic m a t e r i a l s s a t i s f y i n g a s p e c i f i e d f i e l d
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The authors are with the Department of d i s t r i b u t i o n a r e required, many i t e r a t i v e m o d i f i c a t i o n s o f a s s u m e d f i n i t e element s u b d i v i s i o n a r e n e c e s s a r y .
Two new methods whose processes of c a l c u l a t i o n a r e c o n t r a r y t o t h e c o n v e n t i o n a l o n e s h a v e b e e n d e v e l o p e d , a n d a s t h e s e new nethods need no r e p e t i t i o n , c o m p u t i n g t i m e can be considerably reduced.
As a few e x a m p l e s o f t h e a p p l i c a t i o n , t h e m a g n e t i c c h a r a c t e r i s t i c s o f a capacitor motor and t h e sizes of permanent magnets are computed.
CLASSES OF INVERSE PROBLEMS
The i n v e r s e p r o b l e m s c a n b e d i v i d e d i n t o t h e f o l l o w i n q t h r e e c l a s s e s :
(1) C l a s s A: t h e c o n f i g u r a t i o n s a n d t h e s i z e s of magnetic m a t e r i a l s a r e f i x e d , and t h e m a g n e t i z i n g c u r r e n t s w h i c h p r o d u c e t h e s p e c i f i e d t e r m i n a l v o l t a g e s a r e unknown. B e c a u s e t h e m a g n e t i z a t i o n of a magnet i s a u t o m a t i c a l l y d e t e r m i n e d by t h e q u a l i t y o f t h e m a g n e t u s e d a n d t h e s i z e s of i t . T h e r e f o r e , t h e d e t e r m i n a t i o n o f t h e m a g n e t i z a t i o n i s n o t s o i m p o r t a n t .
t h e c l a s s B problem i s c a l l e d t h e " f i n i t e element method w i t h s h a p e m o d i f i c a t i o n " . t h e s h a p e o f e l e c t r i c a l m a c h i n e r y f o r w h i c h t h e maximum v a l u e of t h e e l e c t r i c f i e l d s t r e n g t h o r t h e i r o n l o s s becomes a minimum i s unknown. F i g u r e 1 shows t h e t r a n s f o r m e r windings. . T h e c o n f i g u r a t i o n a n d s i z e o f t h e winding should be designed s o t h a t t h e maximum v a l u e of t h e e l e c t r i c f i e l d s t r e n g t h becomes a minimum under t h e c o n d i t i o n t h a t t h e t o t a l c r o s s -s e c t i o n a l a r e a of t h e winding e s p o n d t o l e c t r i c a l
The newly developed analysis method for i s c o n s t a n t . Class C problems corr t h e optimum design of the shape of e machinery as mentioned above.
I n t h i s p a p e r , new methods for t h e C l a s s A and B p r o b l e m s a r e e x p l a w i n d i n g . m a g n e t i c f i e l d s w i t h some c o n d u c t o r s a n d m a g n e t i c m a t e r i a l s a r e a n a l y z e d by t h e f o l l o w i n g e q u a t i o n :
(1)
Where A, J o and Je a r e t h e v e c t o r p o t e n t i a l , t h e m a g n e t i z i n g c u r r e n t d e n s i t y a n d t h e e d d y c u r r e n t d e n s i t y r e s p e c t i v e l y . 
where [HI is t h e s o -c a l l e d c o e f f i c i e n t matrix and [C] i s t h e c o n s t a n t m a t r i x r e l a t e d t o t h e ' c u r r e n t s ' ,{Io} [ l ] . { G } i s t h e column matrix which i s a f u n c t i o n o f t h e known v e c t o r p o t e n t i a l s o n t h e D i r i c h l e t b o u n d a r y . k i s t h e number of unknown m a g n e t i z i n g
c u r r e n t s and nu i s t h e number of nodes whose p o t e n t i a l s a r e unknown.
I n t h e c o n v e n t i o n a l f i n i t e e l e m e n t a n a l y s i s , t h e v e c t o r p o t e n t i a l s {A} a r e computed by s o l v i n g ( 2 ) i n which the m a g n e t i z i n g c u r r e n t s {Io) a r e assumed. The t e r m i n a l v o l t a g e V is c a l c u l a t e d f r o m t h e o b t a i n e d v e c t o r p o t e n t i a l s . I n o r d e r t o o b t a i n t h e m a g n e t i z i n g c u r r e n t s s a t i s f y i n g t h e s p e c i f i e d t e r m i n a l v o l t a g e Vo, a number o f r e p e t i t i o n s a r e n e c e s s a r y u n t i l t h e d e s i r e d r e s u l t s a r e o b t a i n e d by modifying {I,,} a s shown by t h e t h i c k l i n e s i n F i g . Z ( a ) .
Equation ( 2 ) d e n o t e s t h e r e l a t i o n among t h e v e c t o r p o t e n t i a l s {A},
t h e m a g n e t i z i n g c u r r e n t s {IO] a n d t h e c o -o r d i n a t e s x and r e w r i t t e n i n t h e y. T h i s r e l a t i o n c a n h e C E )
Va ( f i ( r c , y ,~~l , !~~I )
I f t h e number n of e q u a t i o n s i n ( 3 ) i s l a r g e r t h a n n u , n o t o n l y {A] b u t a l s o {IO} can be t r e a t e d as t h e unknown v a r i a b l e .
A new method which i s c a l l e d t h e " f i n i t e e l e m e n t m e t h o d t a k i n g i n t o a c c o u n t o f e x t e r n a l power s o u r c e " is developed from the above-mentioned i d e a . T h e p r o c e s s o f c a l c u l a t i o n o f t h i s new method i s o p p o s i t e t o t h e c o n v e n t i o n a l t e c h n i q u e , a n d t h e m a g n e t i z i n g c u r r e n t s c a n b e d i r e c t l y o b t a i n e d a s shown (1) R a y l e i g h -R i t z m a t r i x e q u a t i o n A s t h e t e r m {Io) i s unknown, {Io) i s t r a n s p o s e d t o t h e l e f t -h a n d s i d e o f ( 2 ) . Then t h e f o l l o w i n g e q u a t i o n i s o b t a i n e d .
(4)
A s t h e number o f t h e e q u a t i o n s i s n u , a n d t h e number o f t h e unknown v a r i a b l e s i s (nu+k) , ( 4 ) c a n n o t b e s o l v e d .
T h e r e f o r e , t h e f o l l o w i n g new r e l a t i o n s h i p s b e t w e e n t h e v e c t o r p o t e n t i a l s , t h e c u r r e n t s a n d t h e t e r m i n a l v o l t a g e s a r e i n t r o d u c e d .
( 2 ) R e l a t i o n s h i p s b e t w e e n v e c t o r p o t e n t i a l s , c u r r e n t s a n d t e r m i n a l v o l t a g e s
The windings i n t h e f i n i t e element r e g i o n a r e u s u a l l y c o n n e c t e d t o t h e e x t e r n a l power S o u r c e s a n d t h e e x t e r n a l l o a d s such a s r e s i s t a n c e , i n d u c t a n c e a n d c a p a c i t a n c e . F i g u r e 3 shows one pole pitch of t h e s t a t o r Of a n i n d u c t i o n motor. a r e t h e t e r m i n a l v o l t a g e of t h e e x t e r n a l power s o u r c e , t h e r e s i s t a n c e a n d the Fig. 3 S k e l e t o n diagram,
The (7) ..
CFEM where CFEM i s t h e c o n t o u r a l o n g t h e winding i n t h e f i n i t e e l e m e n t r e g i o n , S i s an u n i t t a n g e n t v e c t o r .
L e t u s c a l c u l a t e t h e f i r s t term of the l e f t -h a n d
i s assumed t o be c o n s t a n t a t e v e r y p o i n t i n t h e c o n d u c t o r . Then t h e f o l l o w i n g e q u a t i o n c a n b e o b t a i n e d :
Where e. a r e two e l e c t r i c c i r c u i t s . I n g e n e r a l , t h e number k of t h e s p e c i f i e d v o l t a g e s voi ,... .,Vok . i s e q u a l t o t h a t of t h e i n d e p e n d e n t c u r r e n t s . T h e r e f o r e , if t h e r e e x i s t k i n d e p e n d e n t c u r r e n t s , k r e l a t i o n s h i p s s i m i l a r t o (5) c a n b e o b t a i n e d a s f o l l o w s :
A l t h o u g h t h e m a t r i x of ( 8 ) is nonsymmetrical, i t i s e a s i l y s o l v a b l e by t r e a t i n g it las a banded m a t r i i w i t h e d g e s .

. F I N I T E ELEMENT METHOD WITH SHAPE MODIFICATION O u t l i n e o f Method I f t h e c l a s s B problem i s s o l v e d by u s i n g t h e c o n v e n t i o n a l f i n i t e e l e m e n t m e t h o d , t h e p r o c e s s o f c a l c u l a t i o n s h o u l d b e a s F i g . 6 ( a ) .
The v e c t o r p o t e n t i a l s a r e c a l c u l a t e d u s i n g a t e m p o r a r y s u b d i v i s i o n i n which t h e s i z e s o f m a g n e t s a r e a d e q u a t e l y a s s u m e d .
I n o r d e r t o o b t a i n t h e s i z e s of magnets producing t h e s p e c i f i e d f l u x d e n s i t y {BO}, a number o f r e p e t i t i o n s a r e n e c e s s a r y u n t i l t h e d e s i r e d r e s u l t s c a n b e o b t a i n e d by modifying t h e s u b d i v i s i o n a s shown by t h e t h i c k l i n e s i n F i g . G ( a ) .
By u s i n g t h e n e w l y d e v e l o p e d " f i n i t e element method with shape modification", the (ST;\RT) 
( a ) . I f t h e s h a p e m o d i f y i n s e l e m e n t h a s
When t h e v a l u e {P} i s v e r y l a r g e , t h e r e s u l t o b t a i n e d w i t h o u t a n y r e p e t i t i o n i s n o t s a t i s f a c t o r y b e c a u s e o f t h e e r r o r d u e t o t h e s h a p e m o d i f y i n g e l e m e n t . I n s u c h a case, a few r e p e t i t i o n s a r e n e c e s s a r y u n t i l t h e d e s i r e d r e s u l t c a n b e o b t a i n e d by modifying t h e s u b d i v i s i o n by {D} a s shown by t h e b r o k e n l i n e s i n F i g . 6 ( b ) .
The number o f r e p e t i t i o n s i s much less t h a n i n t h e case o f t h e conventional method.
Shape Modifying Element
When t h e s i z e s o f m a g n e t s a r e unknown v a r i a b l e s , ( 3 ) becomes a n o n -l i n e a r e q u a t i o n .
If t h e e q u a t i o n i s a l i n e a r f u n c t i o n o f t h e c o -o r d i n a t e s x and y, (3) f i n i t e e l e m e n t F i g . 7 Shape modifying element t h e m a g n e t i z a t i o n o f t h e m a g n e t a r e g i v e n .
Lo and L of t h e m a g n e t a r e t h e e s t i m a t e d a n d t h e m o d i f i e d l e n g t h s
. T h e r e f o r e , l e n g t h D is unknown. As t h e number of t h e s p e c i f i e d f l u x d e n s i t i e s {BO: s h o u l d b e e q u a l t o t h e number of t h e unknown v a r i a b l e s ID}, o n l y t h e y-component Boyp of t h e f l u x d e n s i t y a t a p o i n t P i s s p e c i f i e d f o r t h i s e x a m p l e , because there i s only one magnet i n F i g . 7 .
s u b d i v i s i o n I f t h e l e n g t h D i s s m a l l , t h e f l u x d i s t r i b u t i o n i n t h e h a t c h e d p a r t i s a l m o s t u n i f o r m i n t h e y-d i r e c t i o n . Then the f o l l o w i n g e q u a t i o n s c a n b e a s s u m e d among t h e v e c t o r p o t e n t i a l s AI , . . . , AI, a t t h e n o d e s 1, ..., 4 i n F i g . 7 ( a ) [ 3 ] .
As t h e aim of t h i s a n a l y s i s i s t o o b t a i n t h e s i z e of t h e magnet producing t h e s p e c i f i e d f l u x d e n s i t y , t h e a c c u r a c y o f t h e f l u x d i s t r i b u t i o n n e a r t h e h a t c h e d area i s n o t S O t h e same energy a s t h e h a t c h e d area i n F i g . 7 ( a ) , t h e n o d e s 3 and 4 may be superposed on t h e n o d e s 1 and 2 a s shown i n F i g 7 ( b ) .
The e n e r g y X(e) o f t h e s h a p e m o d i f y i n g element e i s c a l c u l a t e d by t h e f o l l o w i n g e q u a t i o n .
Where S ( e ) i s t h e area of t h e e l e m e n t a n d J~ i s t h e e q u i v a l e n t m a g n e t i c c u r r e n t d e n s i t y [4,51.
A s t h e s h a p e m o d i f y i n g e l e m e n t h a s n o a r e a , i t i s e a s y t o s e t i t on a n a r b i t r a r y p o s i t i o n o f t h e s u b d i v i s i o n w i t h o u t a n y r e -s u b d i v i s i o n . F i n i t e E l e m e n t F o r m u l a t i o n (1) R a y l e i g h -R i t z m a t r i x e q u a t i o n From ( l o ) , (11) is r e w r i t t e n a s f o l l o w s :
F o r s i m p l i c i t y , l e t u s assume t h a t t h e m a g n e t i z a t i o n
h a s o n l y t h e ycomponent My. Then t h e f o l l o w i n g e q u a t i o n c a n Where A i i s t h e v e c t o r p o t e n t i a l of a node i. I f D i n ( 1 3 ) i s t r e a t e d a s a n unknown v a r i a b l e , t h e m a t r i x e q u a t i o n Where r i s t h e number o f t h e m a g n e t s . I n o r d e r t o s o l v e ( l $ ) , t h e f o l l o w i n g new r e l a t i o n s h i p s b e t w e e n t h e v e c t o r p o t e n t i a l s a n d t h e f l u x d e n s i t i e s a r e i n t r o d u c e d i n t h e same way a s i n c h a p t e r 3 .
( 2 ) R e l a t i o n s h i p s b e t w e e n v e c t o r p o t e n t i a l s a n d f l u x d e n s i t i e s F i g u r e 8 shows a n f i r s t -o r d e r t r i a n g u l a r element e.
T h e x-and y: components Boxp and Boyp of t h e f l u x d e n s l t y a t a p o i n t P i n t h e e l e m e n t a r e s p e c i f i e d .
T h e f o l l o w i n g r e l a t i o n s h i p s e x i s t b e t w e e n t h e v e c t o r p o t e n t i a l s a n d t h e f l u x d e n s i t i e s [ 51 .
" X Fig. 8 An e l e m e n t whose f l u x d e n s i t y i s s p e c i f i e d .
Where C j e , dje and A a r e c o n s t a n t s . Fig.7 . The case of n o n -l i n e a r e q u a t i o n and many s p e c i f i e d c o m p o n e n t s of f l u x d e n s i t y c a n a l s o b e a n a l y z e d .
I n t h i s p a p e r , t h o u g h o n l y t h e v a l u e {D} i s unknown, t h e m a g n e t i z a t i o n {MI of magnets c a n a l s o b e unknown v a r i a b l e s .
B u t , i n t h e l a t t e r , c a s e , t h e R a y l e i g h -R i t z m a t r i x e q u a t i o n becomes a n o n -l i n e a r s i m u l t a n e o u s e q u a t i o n .
The d e t a i l s o f t h i s problem w i l l b e r e p o r t e d i n a n o t h e r p a p e r .
SOME EXAMPLES OF APPLICATION
A n a l y s i s of C a p a c i t o r Motor A s an example of t h e a p p l i c a t i o n o f the " f i n i t e e l e m e n t m e t h o d t a k i n g i n t o a c c o u n t o f e x t e r n a l power s o u r c e " , f l u x d i s t r i b u t i o n s o f a c a p a c i t o r m o t o r a r e a n a l y z e d . I n t h i s c a s e , t h e r e a r e two r e l a t i o n s h i p s l i k e ( 5 ) b e t w e e n t h e v e c t o r p o t e n t i a l s , t h e c u r r e n t s a n d t h e t e r m i n a l v o l t a g e s .
One i s o b t a i n e d f o r t h e m a i n w i n d i n g a n d t h e o t h e r i s f o r t h e a u x i l i a r y w i n d i n g . F i g u r e 9 shows t h e s t r u c t u r e a n d d i m e n s i o n s o f a n a n a l y z e d F i g u r e 11 shows t h e f l u x d e n s i t y waveform a t t h e s t a t o r teeth Q shown in Fig.9 . Points denoted by o r e p r e s e n t t h e c a l c u l a t e d r e s u l t s a n d t h e s o l i d l i n e d e n o t e s the measured one. 
Determination of
Magnet Shape F i g u r e 1 2 shows a m a g n e t i c c i r c u i t w i t h two magnets.
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